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Solution of polynomiality and positivity constraints on generalized parton distributions
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An integral representation for generalized parton distributions of spin-0 hadrons is suggested, which satisfies
both polynomiality and positivity constraints.
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I. INTRODUCTION

Generalized parton distributions~GPDs! @1–10# appear in
the context of the QCD factorization in various hard exc
sive phenomena including deeply virtual Compton scatter
and hard exclusive meson production. Among several g
eral constraints on GPDs an important role is played by
polynomiality of the Mellin moments@5# and by the positiv-
ity bounds@11–22#. In this paper we suggest a representat
for GPDs which automatically satisfies both positivity a
polynomiality constraints. The analysis is restricted to
case of spin-0 hadrons~e.g. pions! but various types of par
tons will be covered.

We use the following definition of GPDs:

H (N)~x,j,t !5E dl

2p
exp~ ilx!^P2uO(N)~l,n!uP1&. ~1!

HereuPk& is the hadron state with momentumPk . The light-
like vectorn,

n250,

is normalized by the condition

n~P11P2!52. ~2!

We use the standard notation of Ji@14# for the parametersD,
t andj:

D5P22P1 , j52
1

2
~nD!, t5D2. ~3!

The definitions of light-ray operatorsO(N)(l,n) for various
types of partons are listed in the Table I. We have includ
the scalar fieldf into this table since the positivity bound
are more general than their applications in QCD. The
column of this table contains the numberN of factors nm

appearing in the light-ray operatorO(N)(l,n). This number
N plays an important role in the formulation of the positivi
bounds and of the polynomiality conditions and we inclu
N in the notation~1! of GPD H (N)(x,j,t).

The structure of the paper is as follows. Section II co
tains a brief description of the polynomiality and positivi
constraints on GPDs. In Sec. III we introduce a modifi
version of the double distribution representation for GP
which slightly differs from the standard one but is more r
evant for our aims. In Sec. IV an ansatz for the double d
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tribution is suggested. In the remaining part of the paper
show that this ansatz leads to GPDs which obey both p
nomiality and positivity constraints. In Sec. V we compu
the GPDs corresponding to our ansatz for double distri
tions. Section VI contains the check of the positivity of th
forward parton distributions. The positivity bounds on GP
are verified in Sec. VII. The Appendix contains the deriv
tion of the general solution of the positivity bounds~without
the polynomiality constraints!.

II. POLYNOMIALITY AND POSITIVITY

Whatever limited our knowledge about GPDs is, there
two basic constraints: polynomiality and positivity. The pol
nomiality means that Mellin moments inx of GPD
H (N)(x,j,t)

E
21

1

dx xmH (N)~x,j,t !5Pm1N~j,t ! ~4!

must be polynomials inj of degreem1N.
Various inequalities for GPDs suggested in the Refs.@11–

21# can be considered as particular cases of the general p
tivity bound on GPDs derived in Ref.@22#. This general posi-
tivity bound has a relatively simple formulation in the impa
parameter representation@16,19–21,23#. The impact param-
eter b' appears via the Fourier transformation of theD'

dependence of GPDs. If the transverse plane is orthogon
vectorsn andP11P2, then the transverse componentD' of
the momentum transferD ~3! is connected with the variable
t5D2 by the relation

TABLE I. Light-ray operatorsO(N)(l,n) for various types of
partons and the corresponding parameterN.

Parton O(N)(l,n) N

scalar f†S2 ln

2 DfSln

2 D 0

quark 1
2c̄S2 ln

2 D~n•g!cSln

2 D 1

gluon nmGmn
a S2 ln

2 DnrG
a,nrSln

2 D 2
©2003 The American Physical Society09-1



th

h
e

ds

s

ta

ity

te

-
u

ic
D

ne

s

s
ly-
g-

y.

le
rd

rd-

s-
di-
ters

re-

P. V. POBYLITSA PHYSICAL REVIEW D67, 034009 ~2003!
t52
uD'u214j2M2

12j2
. ~5!

HereM is the mass of the hadron. We define the GPD in
impact parameter representation as follows:

F̃ (N)~x,j,b'!5E d2D'

~2p!2
exp@ i ~D'b'!#

3H (N)S x,j,2
uD'u214j2M2

12j2 D . ~6!

Here notationF̃ (N) is used in order to avoid confusion wit
the nucleon GPDH̃ and to keep the compatibility with th
notation of Ref.@22#, where the following inequality was
derived:

E
21

1

djE
uju

1

dx~12x!2N24p* S 12x

12j D pS 12x

11j D
3F̃ (N)S x,j,

12x

12j2
b'D >0. ~7!

This inequality was obtained in Ref.@22# for the caseN51
and the generalization to arbitraryN is straightforward.

Inequality ~7! should hold for any functionp(z). There-
fore we actually deal with an infinite set of positivity boun
on the GPD. The general inequality~7! covers various in-
equalities suggested for GPDs@11–21# as particular case
with some special choice of functionsp(z).

It is well known that the double distribution represen
tion @1,2,7# with the D-term @24#

H~x,j,t !5E
uau1ubu<1

dadbd~x2ja2b!F̄D~a,b,t !

1u~ uju2uxu!DS x

j
,t D sgn~j! ~8!

guarantees the polynomiality property~4!. Another interest-
ing parametrization for GPDs supporting the polynomial
was suggested in Ref.@25#.

The positivity bound on GPDs~7! is equivalent to the
following representation for GPDs in the impact parame
representation~see the Appendix! in the regionx.uju:

F̃ (N)~x,j,b'!5~12x!N11(
n

QnS 12x

11j
,~12j!b'D

3QnS 12x

12j
,~11j!b'D ~9!

with arbitrary real functionsQn . Instead of the discrete sum
mation overn one can use the integration over continuo
parameters.

Although both polynomiality and positivity are bas
properties that must hold in any reasonable model of GP
03400
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usually the model building community meets a dilemma: o
can use the double distribution representation~8! but it does
not guarantee that the infinite set of inequalities~7! will be
satisfied @26,27#. Alternatively one can build the model
based on the representation~9! or on the so called overlap
representation@15# which also automatically guarantee
positivity bounds but then one meets problems with the po
nomiality. In this paper a representation for GPDs is su
gested which guarantees both positivity and polynomialit

III. MODIFIED DOUBLE DISTRIBUTION
REPRESENTATION

For the construction of GPDsH (N)(x,j,t) obeying both
polynomiality and positivity constraints we use the doub
distribution representation which differs from the standa
representation~8! by the extra factor of (12x)N

H (N)~x,j,t !5~12x!NE
uau1ubu<1

dadbd~x2ja2b!

3FD8 ~a,b,t !. ~10!

HereN depends on the type of the parton distribution acco
ing to Table I.

Representation~10! obviously satisfies the polynomiality
condition ~4!. Indeed,

E
21

1

dx xnE
uau1ubu<1

dadbd~x2ja2b!FD8 ~a,b,t !

5Pn~j,t ! ~11!

wherePn(j,t) is a polynomial of degreen. Therefore

E
21

1

dx xmH (N)~x,j,t !5E
21

1

dxE
uau1ubu<1

dadbxm~12x!N

3d~x2ja2b!FD8 ~a,b,t !

5SN1m~j,t ! ~12!

is a polynomial inj of degreeN1m in agreement with Eq.
~4!.

For our aims it is convenient to use parameters

a15
1

2
~12b2a!, a25

1

2
~12b1a! ~13!

instead ofa,b. Actually it is a1 and a2 (a1512x2y,
a25y in terms of variablesx,y used in Refs.@2,7#! that
appear asa parameters in the perturbative diagrammatic ju
tification of the double distribution representation. The mo
fied double distribution expressed in terms of parame
a1 ,a2 will be denoted as follows:

FD~a1 ,a2 ,t ![FD8 ~a,b,t !. ~14!

After these changes the modified double distribution rep
sentation~10! takes the following form:
9-2
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H (N)~x,j,t !52~12x!NE
0

1

da1E
0

12a1
da2FD~a1 ,a2 ,t !

3d@x2j~a22a1!2~12a12a2!#. ~15!

Here we use the triangle integration region in thea1 ,a2
plane which corresponds to the constraintb.0 in terms of
variablesa,b. Hence our GPD vanishes in the ‘‘antiquark
region~for brevity we use the word ‘‘quark’’ for any type o
partons!:

H (N)~x,j,t !50 if x,2uju. ~16!

Therefore we must take care about the positivity constra
only in the ‘‘quark’’ region x.uju. Once this pure quark
GPD is constructed we can use the transformationx→2x to
build GPDs with appropriate properties in both quark a
antiquark regions.

In the caseN.0 one can add theD-term to the modified
double distribution representation~15!:

H (N)~x,j,t ! →
N.0

H (N)~x,j,t !1xN21DS x

j
,t D

3uS 12UxjU D sgn~j!. ~17!

In principle, using the trick of Ref.@28#, one can include the
D-term into the double distribution. But if one is interested
a parametrization of GPDs obeying the positivity and po
nomiality constraints, then theD-term is useful: it is local-
ized in the regionuxu,uju and therefore it does not appear
the positivity condition~7!. The polynomiality is obvious for
the D-term. Thus by adding an arbitraryD-term we violate
neither polynomiality nor positivity.

IV. ANSATZ FOR DOUBLE DISTRIBUTIONS

Now the problem is to find double distribution
FD(a1 ,a2 ,t) which lead to GPDsH (N)(x,j,t) obeying the
positivity constraint. We use the following ansatz for t
modified double distributions~15!:

FD~a1 ,a2 ,t !5E
0

`

dl lE dnS 1

la1a2
2t D 2n21

3Ln~la1 ,la2!. ~18!

Our double distribution is parametrized by an infinite set
functionsLn(w1 ,w2) defined forw1 ,w2>0 and depending
on parametern. We assume that for anyn function
Ln(w1 ,w2) corresponds to a positive definite quadratic fo
in w1 ,w2, i.e. for any functionf(w)

E
0

`

dw1E
0

`

dw2Ln~w1 ,w2!f~w1!f* ~w2!>0. ~19!

This is equivalent to the existence of the following integ
representation forLn(w1 ,w2)
03400
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Ln~w1 ,w2!5E drFn~w1 ,r!Fn* ~w2 ,r! ~20!

or to its discrete series analog. Since we are interested in
andj-even GPDs, we must use real functionsLn andFn .

The lower limit of the integral overn on the right-hand
side ~RHS! of Eq. ~18! determines the asymptotics o
FD(a1 ,a2 ,t) at largeutu. If one integrates over positiven,
thenFD;utu21. FunctionsLn appearing in Eq.~18! have the
n dependent dimension, which is slightly awkward but si
plifies the equations.

Sincel,a1 ,a2>0 andt<0 the following factor appear-
ing in Eq. ~18! is always positive:

1

la1a2
2t.0. ~21!

Below it will be shown that for any set of positive definit
functionsLn(w1 ,w2) under the assumption that the integra
on the RHS of Eq.~18! are convergent, the resulting doub
distributionFD(a1 ,a2 ,t) ~18! leads to the GPDH (N)(x,j,t)
~15! which satisfies the positivity bound~7!. This check of
positivity will be done in Sec. VII but first we prefer to
derive some useful relations.

V. EXPRESSION FOR GPDS

Let us derive the expressions for GPDsH (N)(x,j,t) cor-
responding to the double distribution~18!. First we insert
ansatz~18! for the double distributionFD(a1 ,a2 ,t) into rep-
resentation~15! for GPD H (N)(x,j,t)

H (N)~x,j,t !52~12x!NE
0

1

da1E
0

12a1
da2

3d@x2j~a22a1!2~12a12a2!#

3E
0

`

dl lE dnS 1

la1a2
2t D 2n21

3Ln~la1 ,la2!. ~22!

We can rewrite this as follows:

H (N)~x,j,t !52~12x!NE
0

`

dl lE
0

`

da1E
0

`

da2

3u~12a12a2!d@x2j~a22a1!

2~12a12a2!#

3E dnS 1

la1a2
2t D 2n21

Ln~la1 ,la2!.

~23!

Let us introduce new integration variables

wk5lak ~24!

instead ofak and integrate overl using the delta function
9-3
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H (N)~x,j,t !

52~12x!N21E
0

`

dw1E
0

`

dw2uS x2j
w22w1

w11w2
D

3E dnS 1

w2

11j

12x
1

1

w1

12j

12x
2t D 2n21

Ln~w1 ,w2!.

~25!

The step function does not vanish in the regionx.uju so
that the above expression simplifies as follows:

H (N)~x,j,t !ux.uju52~12x!N21E
0

`

dw1E
0

`

dw2

3E dnS 1

w2

11j

12x
1

1

w1

12j

12x
2t D 2n21

3Ln~w1 ,w2!. ~26!

This representation can be rewritten in the following form

H (N)~x,j,t !ux.uju52~12x!N21E
0

`

dw1E
0

`

dw2

3E
0

`

dgetgE dn
gn

G~n11!
Ln~w1 ,w2!

3expF2gS 1

w2

11j

12x
1

1

w1

12j

12xD G .
~27!

VI. FORWARD DISTRIBUTION

In the forward limitj→0, t→0 we obtain from Eq.~26!

f ~x!5H (N)~x,0,0!

52~12x!N21E
0

`

dw1E
0

`

dw2

3E dnS w1w2~12x!

w11w2
D n11

Ln~w1 ,w2!. ~28!

The positivity of forward parton distributions is a cons
quence of the general positivity bounds on GPDs which w
03400
ll

be established in the next section. On the other hand, we
see the positivity of the forward parton distributionf (x) di-
rectly from Eq.~28!:

E
0

`

dw1E
0

`

dw2S w1w2

w11w2
D n11

Ln~w1 ,w2!

5E
0

`

dw1E
0

`

dw2

1

G~n11!
E

0

`

dt tn

3expS 2t
w11w2

w1w2
DLn~w1 ,w2!

5
1

G~n11!
E

0

`

dt tnE
0

`

dw1E
0

`

dw2

3Ln~w1 ,w2!expS 2
t

w1
DexpS 2

t

w2
D>0.

~29!

The positivity of the RHS follows from the inequality

E
0

`

dw1E
0

`

dw2Ln~w1 ,w2!expS 2
t

w1
DexpS 2

t

w2
D>0

~30!

which is a consequence of the positivity~19! of the quadratic
form Ln(w1 ,w2).

VII. PROOF OF POSITIVITY

Now we want to show that the modified double distrib
tion ~18! with positive definite functionsLn ~19! generates
GPD H (N)(x,j,t) which satisfies the positivity bounds~7!.
For the positivity bounds we need the GPD in the imp
parameter representation~6!

F̃ (N)S x,j,
12x

12j2
b'D 5E d2D'

~2p!2
expF i

12x

12j2
~D'b'!G

3H (N)S x,j,2
uD'u214j2M2

12j2 D .

~31!

Using representation~27! for the GPDsH (N)(x,j,t), we ob-
tain
F̃ (N)S x,j,
12x

12j2
b'D 5E d2D'

~2p!2
expF i

12x

12j2
~D'b'!G2~12x!N21E

0

`

dw1E
0

`

dw2E
0

`

dg

3expS 2g
uD'u214j2M2

12j2 D E dn
gn

G~n11!
expF2gS 1

w2

11j

12x
1

1

w1

12j

12xD GLn~w1 ,w2!. ~32!

Integrating overD', introducing compact notation

r 15
12x

11j
, r 25

12x

12j
. ~33!
9-4
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~see the Appendix!, and rescaling the integration variableswk→wkr k , we find

F̃ (N)S x,j,
12x

12j2
b'D 5

1

2p S 2r 1r 2

r 11r 2
D N11E

0

` dg

g E
0

`

dw1 E
0

`

dw2 expF2
r 1r 2

4g
ub'u22g

M2~r 12r 2!2

r 1r 2
G

3E dn
gn

G~n11!
expF2

g~w11w2!

r 1r 2w1w2
GLn~r 1w1 ,r 2w2!. ~34!

Next we change the integration variableg→gr 1r 2

F̃ (N)S x,j,
12x

12j2
b'D 5

1

2p S 2r 1r 2

r 11r 2
D N11E

0

`dg

g E
0

`

dw1

3E
0

`

dw2 expF2
1

4g
ub'u22gM2~r 12r 2!2G ~35!

3E dn
~gr 1r 2!n

G~n11!
expF2

g~w11w2!

w1w2
GLn~r 1w1 ,r 2w2! ~36!

and use the representation

exp@2g~r 12r 2!2M2#5
1

2MApg
E

2`

`

dsexpF2
s2

4gM2
1 is~r 22r 1!G . ~37!

Then

F̃ (N)S x,j,
12x

12j2
b'D 5

1

4Mp3/2S 2r 1r 2

r 11r 2
D N11E

0

`

dg expS 2
1

4g
ub'u2D E

2`

`

dsexpS 2
s2

4gM2D
3E

0

`

dw1E
0

`

dw2 expF is~r 22r 1!2
g~w11w2!

w1w2
G E dngn23/2

~r 1r 2!n

G~n11!
Ln~w1r 1 ,w2r 2!. ~38!

Now we turn to the positivity bound~7! written in the form of the integral overr 1 ,r 2—see Eq.~A8! in the Appendix. The
left-hand side of this inequality is

E
0

1

dr1E
0

1

dr2~r 11r 2!N11p* ~r 2!p~r 1!F̃ (N)S x,j,
12x

12j2
b'D

5
2N21

Mp3/2E dnE
0

`

dg
gn23/2

G~n11!
expS 2

1

4g
ub'u2D E

2`

`

dsexpS 2
s2

4gM2D E0

1

dr1E
0

`

dw1E
0

1

dr2E
0

`

dw2Ln~w1r 1 ,w2r 2!

3Fp~r 1!r 1
N1n11 expS 2 isr12

g

w1
D GFp~r 2!r 2

N1n11 expS 2 isr22
g

w2
D G* . ~39!

Here we can rescale integration variableswk→wk /r k . Then

E
0

1

dr1E
0

`

dw1E
0

1

dr2E
0

`

dw2Ln~w1r 1 ,w2r 2!Fp~r 1!r 1
N1n11 expS 2 isr12

g

w1
D GFp~r 2!r 2

N1n11 expS 2 isr22
g

w2
D G*

5E
0

`

dw1E
0

`

dw2Ln~w1 ,w2!F E
0

1

dr1p~r 1!r 1
N1n expS 2 isr12

gr 1

w1
D GF E

0

1

dr2p~r 2!r 2
N1n expS 2 isr22

gr 2

w2
D G*

5E
0

`

dw1E
0

`

dw2Ln~w1 ,w2!fn~w1!fn* ~w2!>0 ~40!
034009-5
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where

fn~w!5E
0

1

drp~r !r N1n expS 2 isr2
gr

w D . ~41!

The RHS of Eq.~40! is positive sinceLn(w1 ,w2) is positive
definite. Combining Eqs.~39! and ~40!, we complete the
proof of the positivity bound~A8! for the GPD generated b
the double distribution~18!.

VIII. CONCLUSIONS

In this paper we have shown that representation~18! for
the double distributions@understood in the sense of Eq.~15!#
generates GPDs~25! satisfying both polynomiality and posi
tivity constraints. Our representation~18! for double distri-
butions involves arbitrary positive definite quadratic form
Ln(w1 ,w2). FunctionsLn(w1 ,w2) parametrizing GPDs de
pend on the same amount of variables (w1 ,w2 ,n) as GPDs
themselves (x,j,t). This means that the class of solutions
the polynomiality and positivity constraints found in this p
per is rather wide. On the other hand, this set of solution
not complete. Indeed, our ansatz~18! does not depend on th
mass of the hadronM whereas the positivity and polynom
ality constraints are sensitive toM: althoughM appears nei-
ther in the polynomiality condition~4! for H (N) nor in the
positivity bound~7! for F̃ (N), the relation~6! betweenH (N)

and F̃ (N) contains the hadron massM. This means that the
combined constraints of positivity and polynomiality are se
sitive to the hadron massM. Therefore the absence of theM
dependence in our ansatz~18! should mean that there mu
exist other solutions of the polynomiality and positivity co
straints and one has to try other methods in order to find
other solutions. In particular, in Ref.@29# the solutions of the
positivity and polynomiality constraints are constructed
terms of triangle perturbative diagrams.

The parametrization of GPDs suggested here seems t
constructive for the model building: the positive defin
functionsLn(w1 ,w2) can be easily generated by using E
~20!. One should not forget about the possibility to add t
D-term ~17! which is not constrained by the polynomialit
and positivity.

Certainly apart from the positivity and polynomialit
there are other theoretical and phenomenological constra
on GPDs and it would be interesting whether representa
~18! allows to construct viable models of GPDs.
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APPENDIX: SOLUTION OF THE POSITIVITY BOUNDS

In this appendix we derive the solution~9! of the positiv-
ity bounds~7!. First let us define variablesr 1 ,r 2 which can
be used instead ofx,j:
03400
f

is

-

e

be

.
e

ts
n

d

r 15
12x

11j
, r 25

12x

12j
, ~A1!

j5
r 22r 1

r 21r 1
, x512

2r 1r 2

r 11r 2
, ~A2!

2dxdj

~12x!3
5

dr1dr2

r 1
2r 2

2
. ~A3!

The region covered by the positivity bounds~7!

x.uju ~A4!

is mapped to the square in ther 1 ,r 2 plane

0,r 1 ,r 2,1. ~A5!

Inequality ~7! takes the following form in terms of integra
tion variablesr 1 ,r 2 ~we keep variablesx,j in GPDs imply-
ing that they are functions ofr 1 ,r 2):

E
0

1 dr1

r 1
2 E0

1 dr2

r 2
2 S r 11r 2

r 1r 2
D N11

3p* ~r 2!p~r 1!F̃ (N)S x,j,
12x

12j2
b'D >0. ~A6!

Since functionp is arbitrary we can replace it

p~r 1!→r 1
N13p~r 1! ~A7!

which leads us to the equivalent form of inequality~A6!

E
0

1

dr1E
0

1

dr2~r 11r 2!N11

3p* ~r 2!p~r 1!F̃ (N)S x,j,
12x

12j2
b'D >0. ~A8!

Inequality ~A6! means that function

S r 11r 2

r 1r 2
D N11

F̃ (N)S x,j,
12x

12j2
b'D ~A9!

must be a positive definite quadratic form, i.e. it has t
following representation

S r 11r 2

2r 1r 2
D N11

F̃ (N)S x,j,
12x

12j2
b'D

5(
n

Rn~r 1 ,b'!Rn* ~r 2 ,b'! ~A10!

with some functionsRn . Turning back to the variablesx,j,
we find
9-6
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F̃ (N)~x,j,b'!5~12x!N11(
n

RnS 12x

11j
,
12j2

12x
b'D

3Rn* S 12x

12j
,
12j2

12x
b'D . ~A11!

In the case of real andj-even GPDs, functionsRn are real.
J.

ar

03400
Introducing functions

Qn~r ,b'!5RnS r ,
1

r
b'D ~A12!

we obtain representation~9! for F̃ (N)(x,j,b').
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