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Solution of polynomiality and positivity constraints on generalized parton distributions
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An integral representation for generalized parton distributions of spin-0 hadrons is suggested, which satisfies
both polynomiality and positivity constraints.
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[. INTRODUCTION tribution is suggested. In the remaining part of the paper we
show that this ansatz leads to GPDs which obey both poly-
Generalized parton distributiot&PD9 [1-10] appear in  nomiality and positivity constraints. In Sec. V we compute
the context of the QCD factorization in various hard exclu-the GPDs corresponding to our ansatz for double distribu-
sive phenomena including deeply virtual Compton scatteringions. Section VI contains the check of the positivity of the
and hard exclusive meson production. Among several gerforward parton distributions. The positivity bounds on GPDs
eral constraints on GPDs an important role is played by thare verified in Sec. VII. The Appendix contains the deriva-
polynomiality of the Mellin moment§5] and by the positiv-  tion of the general solution of the positivity boun@sgithout
ity bounds[11-23. In this paper we suggest a representationthe polynomiality constrainjs
for GPDs which automatically satisfies both positivity and
polynomiality constraints. The analysis is restricted to the
case of spin-0 hadron®.g. pion$ but various types of par- Il. POLYNOMIALITY AND POSITIVITY
tons will be covered.

We use the following definition of GPDs: Whatever limited our knowledge about GPDs is, there are

two basic constraints: polynomiality and positivity. The poly-
d\ nomiality means that Mellin moments ix of GPD
HME0 = [ S-explin(PAOMOLMIPY. (@ HO(E

Here|P,) is the hadron state with momentupy . The light-

1
like vectorn, f dx X"HM(x,£,) = P n(£,1) (4)
-1
n=0,
is normalized by the condition must be polynomials i of degreem+ N.
Various inequalities for GPDs suggested in the Reif$—
n(P;+Py)=2. (2)  21] can be considered as particular cases of the general posi-

tivity bound on GPDs derived in R€22]. This general posi-

tivity bound has a relatively simple formulation in the impact

parameter representatiph6,19—-21,28 The impact param-

1 eter b* appears via the Fourier transformation of theé

A=P,—P;, é=—=(nA), t=A2 ©) dependence of GPDs. If the transverse plane is orthogonal to
2 vectorsn andP;+ P,, then the transverse componet of

the momentum transfekx (3) is connected with the variable

ézAz by the relation

We use the standard notation of 1#] for the parameters,
tandé:

The definitions of light-ray operato®)(\,n) for various
types of partons are listed in the Table I. We have include
the scalar fieldy into this table since the positivity bounds ) )
are more general than their applications in QCD. The last TABLE I. Light-ray operatorsO™(\,n) for various types of
column of this table contains the numbisrof factorsn#  Partons and the corresponding paraméter

appearing in the light-ray operat@™(x,n). This number
N plays an important role in the formulation of the positivity
bounds and of the polynomiality conditions and we include

Parton oM (\,n) N

| ) AN\ (An
N in the notation(1) of GPD HMN(x,&,1). scalar ¢*(—7)¢(7) 0
The structure of the paper is as follows. Section Il con-
tains a brief description of the polynomiality and positivity quark %%_E)(n_yw(ﬂ) 1
constraints on GPDs. In Sec. lll we introduce a modified 2 2
version of the double distribution representation for GPDs AN AN
i i i . gluon n“G2 | — — |n G&°| — 2
which slightly differs from the standard one but is more rel- w\ o [T 2

evant for our aims. In Sec. IV an ansatz for the double dis
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|AL |2+ 4¢2M2 usually the model building community meets a dilemma: one
t= (5)  can use the double distribution representat@nbut it does
1-¢ not guarantee that the infinite set of inequalit{&s will be

. i ) satisfied [26,27]. Alternatively one can build the models
HereM is the mass of the hadron. We define the GPD in theoased on the representatié® or on the so called overlap

impact parameter representation as follows: representation[15] which also automatically guarantees
- positivity bounds but then one meets problems with the poly-
EMN(x £ bt :f exdi(ALbt nomiality. !n this paper a representation for GPDs is sug-
(x.£.07) (2m)? Hi( )] gested which guarantees both positivity and polynomiality.
S HO| x. ¢, [AY[2+4£2M2 © IIl. MODIFIED DOUBLE DISTRIBUTION
e 1_52 REPRESENTATION

= , _ , _ For the construction of GPDEM(x,£,t) obeying both
Here notatiorF"™ is used in order to avoid confusion with o\ynomiality and positivity constraints we use the double
the nucleon GPIH and to keep the compatibility with the distribution representation which differs from the standard
notation of Ref.[22], where the following inequality was representatioit8) by the extra factor of (+x)N
derived:

Jl iy ' P *(1—x) 1—x H(N’(x,é,t)=(1—x)”J| s  dadBo(x—Ea—p)
X(1—x —|p| = al+|Bl=
%) Pri1—¢/Pl1re ,
XFp(a,B,t). (10
~ 1-x
xFMN X,§,1_§2bi)>0- (7 HereN depends on the type of the parton distribution accord-

ing to Table I.
Representatioil0) obviously satisfies the polynomiality

This inequality was obtained in RgR22] for the caseN=1 condition (4). Indeed,

and the generalization to arbitralyis straightforward.
Inequality (7) should hold for any functiop(z). There- 1

fore we actually deal with an infinite set of positivity bounds f dx an dadB8(x—éa— B)F)(a,B,t)

on the GPD. The general inequality) covers various in- -1 la|+[B|<1

equalities suggested for GPP41-21] as particular cases —P. (1) (11)

with some special choice of functiomgz). me
It is well known that the double distribution representa- ; ;

tion [1,2,7) with the D-term [24] whereP, (¢,t) is a polynomial of degrea. Therefore

1 1
_ (N) — mr1 _ N
H<x,§,t>:f dadBo(x—Ea— B)Fola,Bit) ffld”mH (*.£.1) fldxfawsld“dﬁx 1=

la|+|Bl=1
X ><5(X—§(1—B)F'D(a,,8,t)
+0(|§|—|x|)D(g,t)sgr(§> 8 =Syeml(£,D) (12)

guarantees the polynomiality proper). Another interest- is a polynomial iné of degreeN+ m in agreement with Eq.
ing parametrization for GPDs supporting the polynomiality (4).
was suggested in Ref25]. For our aims it is convenient to use parameters

The positivity bound on GPD$7) is equivalent to the L .
following representation for GPDs in the impact parameter
representatiotisee the Appendixin the regionx>|£|: v=5(1=p~a), a=5(1-F+a) (13
1-x (1—§)bL) instead ofa,B. Actually it is a; and a, (a;=1—x—Vy,
1+¢’ a,=Yy in terms of variablesc,y used in Refs[2,7]) that

appear agr parameters in the perturbative diagrammatic jus-
1-x (1+4) bi) ) tification of the double distribution representation. The modi-
1-¢’ fied double distribution expressed in terms of parameters
aq,a, Will be denoted as follows:

FM(x,&,bh)=(1-xN"1 Y Qn(

XQn

with arbitrary real function®),,. Instead of the discrete sum-
mation overn one can use the integration over continuous Fo(ai,ar,t)=F(a,B,t). (14
parameters.

Although both polynomiality and positivity are basic After these changes the modified double distribution repre-
properties that must hold in any reasonable model of GPDsentation(10) takes the following form:
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1 l*al
H<N><x,g,t>=2<1—x>Nf0dalfo dasFo(ar,as ) Loy )= [ doFw pFE(wop)  (20)

X x—&(ar—a)—(l—ay;—ay)]. (15  ortoits discrete series analog. Since we are interested in real
and é-even GPDs, we must use real functidnsandF,,.
Here we use the triangle integration region in the,«, The lower limit of the integral over on the right-hand
plane which corresponds to the constrg#t 0 in terms of  side (RHS of Eq. (18) determines the asymptotics of
variablesa, 8. Hence our GPD vanishes in the "antiquark” F(aq,a5,,t) at large|t|. If one integrates over positive,
region (for brevity we use the word “quark” for any type of thenFD~|t|‘1. FunctionsL, appearing in Eg(18) have the
partons: v dependent dimension, which is slightly awkward but sim-
) _ plifies the equations.
HM(x,£,1)=0 if x<—|¢. (16) Since\, @y, @,=0 andt=<0 the following factor appear-

L . ing in Eq. (18) is always positive:
Therefore we must take care about the positivity constraints

only in the “quark” region x>|£|. Once this pure quark

GPD is constructed we can use the transformatien—x to o, 0 (22)
build GPDs with appropriate properties in both quark and 172
antiquark regions. - Below it will be shown that for any set of positive definite
In the caseN>0 one can add thB-term to the modified  fynctionsL ,(w;,w,) under the assumption that the integrals
double distribution representati¢t): on the RHS of Eq(18) are convergent, the resulting double
=0 distributionF p(aq,a5,t) (18) leads to the GPIH N (x, £,t)
X . - . .y . .
(N) (N) LyN-1p[ 2 (15) which satisfies the positivity boun). This check of
HP (&0 = HE (. ED +X D(g't) positivity will be done in Sec. VII but first we prefer to
« derive some useful relations.
X 6 1—‘5 )sgrtg). 17)
V. EXPRESSION FOR GPDS

In principle, using the trick of Ref.28], one can include the Let us derive the expressions for GPESY(x, ¢,t) cor-
D-term into the double distribution. But if one is interested inresponding to the double distributiaqii8). First we insert
a parametrization of GPDs obeying the positivity and poly-ansatz18) for the double distributioff (a1, a5 ,t) into rep-
nomiality constraints, then thB-term is useful: it is local-  resentation(15) for GPD HMN(x, ,t)
ized in the regionx|<|&| and therefore it does not appear in
the positivity condition(7). The polynomiality is obvious for 1 1y
the D-term. Thus by adding an arbitrafy-term we violate H(N>(x,§,t):2(1—x)NJO dalJO day
neither polynomiality nor positivity.

X x—E&(ar—ay)—(1-ay1—ay)]

IV. ANSATZ FOR DOUBLE DISTRIBUTIONS o 1 —v—1
Xj da )\f dV( - )
0

Now the problem is to find double distributions
Fo(ay,a,,t) which lead to GPDHMN(x,£,t) obeying the
positivity constraint. We use the following ansatz for the XL, (Nag,Na3). (22
modified double distribution&l5):

)\alaz

We can rewrite this as follows:

. v—1
Folavaa 0= | o | d”(mlaz_t) MO0 =201-%" [ “ax [ “den | e
XL, (Nag,Nay). 18
(haahez) 19 X 01— a1~ ) A x— (e~ )
Our double distribution is parametrized by an infinite set of —(1-ay—ay)]
functionsL ,(wq,w,) defined forw,,w,=0 and depending
on parameterv. We assume that for any function q _V_lL
L,(w;,W,) corresponds to a positive definite quadratic form x| av Moo, —t f(hag,hey).
in wq,wW,, i.e. for any functiong(w)
(23
jmdwljOOdWZLV(Wl1W2)¢)(W1)¢*(W2)>0' (19 Let us introduce new integration variables
0 0
Wk=)\ak (24)
This is equivalent to the existence of the following integral
representation fok. ,(wq,w5,) instead ofay and integrate ovek using the delta function
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HN(x,&,1) be established in the next section. On the other hand, we can
see the positivity of the forward parton distributib(x) di-
Wo—Wq rectly from Eq.(298):

Wi+ W,

=2(1—x)N1fde1fde20(x—§
0 0

de rd wawa |
11+¢ 11-¢ |\ ! o OV, AW s (W1, Wp)
xfdv —_— et ———t L, (wq,W5).
Wy 1—X  wp; 1—X " . 1 .
(25 :fo dwljo dWZF(VJFl)fo drr
The step function does not vanish in the region| €| so We W
that the above expression simplifies as follows: ><ex;< —r V\l/ W 2) L,(wy,Wy)
12
H G20 o =200 [ “aw, [ “aw, L g [
0 0 _F(V+1)f0 drr fo dwlj’o dws,
1 1+¢ 11-¢ \ vt
xf dy| ———+ ———t T T
Wy 1—-x  wq 1—X XL, (wq,wWy)exp ——|expg — —|=0.
Wy W3
XL, (Wg,Wp). (26) (29)
This representation can be rewritten in the following form: The positivity of the RHS follows from the inequality
P * » o T T
HM (X, £,0) ] 1g=2(1—x)N 1J dWlf dw, f dwlf dWZLV(wl,wz)exp( - —) exp{ -—1|=0
0 0 0 0 Wy W>

v (30)
o R T R — : -
o T(v+1) 2 which is a consequence of the positivity9) of the quadratic

form L ,(wq,W5).
;{ (1 1+¢ 1 1—§)
xXexpg —y ——

— — . VIl. PROOF OF POSITIVITY
Wy 1—X  wp; 1—X

ow we want to show that the modified double distribu-
27 N h hat th dified double distrib
tion (18) with positive definite functiond., (19) generates
GPD H(N(x,£,t) which satisfies the positivity bound3).
VI. FORWARD DISTRIBUTION For the positivity bounds we need the GPD in the impact
In the forward limité—0, t—0 we obtain from Eq(26)  parameter representati¢)

f(x)=H™(x,0,0 ~(N)< 1-x L)‘f d2A* F{ 1-x 1
. ) F X’g'l—gzb (Zw)zex |1_§2(A b™)
=2(1—x)’\"1f0 dwlfo dw, P
XHm)(X,g,_lAlﬂ |
v+1 1_52

xfm(w L,(wy,wy). (28)

wi+w,

(31)

The positivity of forward parton distributions is a conse- Using representatiof27) for the GPDsH®™)(x,£,t), we ob-
guence of the general positivity bounds on GPDs which willtain

|
1-x d2A*t 1—-x

EMN| x,¢, bt :J i A*b*

(Xf -2 ) <2w>zexp{'1—§2( :

" |AL|2+4§2M2
exp —y—————

Integrating overA*, introducing compact notation

2(1—X)N_1J dwlf dwzf dy
0 0 0

Jd v 1 14g 11-¢
T+ o0 MW, 1ox " wy 1-x

L V(Wl 1W2) . (32)

_1+§, _Tg. (33)
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(see the Appendijx and rescaling the integration variableg— w,r,, we find

- 1-x 2rrp, \N*1 e dy r M?(r;—r,)?
(N) L) = 2 _Mfe e M TIR)”
F (X’g'l—gzb ) 2n |, j f dwlf dwzex;{ |b* 5=y e
Y’ y(Wy+wy)
Xf dVF(V“r‘l) eXF{_ Fr Wi,y }Lv(rlwl,r2W2). (34)

Next we change the integration variabje- yrr,

-~ 1-x N+1
(N) 1
E (x,f,l 52b ) pye fo f dw,

e 1
Xf dw, exg — —|b*|?= yM?(r;—r,)? (39
0 4y

2rqr,
ri+r,

de (yrara)” F{_V(W1+W2)

VF(V+1) ex oW, }Lv(rlwl,rzwz) (36)

and use the representation

1 o s?
exd — y(r{—r,)°’M?]= dsexg — ———+is(ro—rq)|. 3
A= | ;{MMZ (r2 ﬂ] 37
Then
- 1-x 1 210, \N*L e 1 o 2
FN| x,¢, bt |= f dyexp — —|b'|? j dsexp —
( ¢ 1— &2 AM 732\ T1+T; o’ 47' | —c 4yM?
* “ . 7(W1+W2) f »—3/2 (rer)V
XJ;) dWlfO dWZeXF{|S(r2 rl) WiW, dV’y F(y+1)LV(W1r1,W2r2). (38)

Now we turn to the positivity bound?) written in the form of the integral over,,r,—see Eq.(A8) in the Appendix. The
left-hand side of this inequality is
il
=N

oN-1 Y 3/2 '{ 1 L2) o g2 1 " 1 "
d ——|b J dsexp — jdrfdwjdrfdeywr,wr
M7T3/2J f yF( +1) 4y| | o 4yM?) Jo 1], GWaf dlz | - OWo (W1lq,Wor 5)

p(r )r'”*”“exy{—|srl—l)Hp(r2)rN”+l y{—isrz—wl” . (39

2

1 1 ~
Jdr1J drz(rl—l—rz)N”p*(rz)p(rl)F(N)( 6,
0 0

X

Here we can rescale integration variablgs—w, /r,. Then

1 00 1 o0 *
J drlj dW1J erJ dWZL,,(erl,Wzrz){p(rl)r?”*lexr<—isrl—l)Hp(rz)rgﬂﬂexy{—isrz—l”
0 0 0 0 Wi Wo
=f dle' dWZLV(Wl,WZ)[f drlp(rl)rT”exr{—isrl— E)HJ drzp(rz)rg””ex;{—isrz— 2)
0 0 0 W]_ 0 W2

= f:dle':dszy(Wl:W2)¢V(W1)¢:(W2)>0 (40)
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where 1-x 1-x
"Eire Tiog (A1)
1 r
qSV(W):f drp(r)rN”exp(—isr—y—). (41)
0 W r2_ I’l 2r1r2
= x=le (A2)
The RHS of Eq(40) is positive since.,(w;,w,) is positive AR R
definite. Combining Eqs(39) and (40), we complete the
proof of the positivity boundA8) for the GPD generated by 2dxd¢  dridr, A3
the double distributior18). 1—x° 122 (A3)
VIIl. CONCLUSIONS The region covered by the positivity bount®
In this paper we have shown that representa(itB) for x> ¢l (Ad)

the double distributionfunderstood in the sense of H45)]
generates GPDR5) satisfying both polynomiality and posi-
tivity constraints. Our representatiqh8) for double distri-
butions involves arbitrary positive definite quadratic forms 0<rq,r,<l. (A5)
L,(wq,w5). FunctionsL ,(wq,w,) parametrizing GPDs de- ’

pend on the same amount of variableg, (w,,») as GPDS  hequality (7) takes the following form in terms of integra-

themselvesx, ¢,t). This means that the class of solutions of 4, variablesr;,r, (we keep variables, ¢ in GPDs imply-
the polynomiality and positivity constraints found in this pa- ing that they are functions of, ,r,):

per is rather wide. On the other hand, this set of solutions is
not complete. Indeed, our ans&i8B) does not depend on the

is mapped to the square in the,r, plane

> . 1dry (1dry(ry+ry\NtL
mass of the hadroM whereas the positivity and polynomi- _J' <
ality constraints are sensitive M: althoughM appears nei- 0 ri 0 r% rirs
ther in the polynomiality conditiori4) for H™ nor in the
T =(N) ; (N) ~ 1-xX
pos@v:qty bounFi(7) for F'Y, the relatlon§6) betweenH Xp*(rz)p(rl)F(N)( X, £, sz) =0. (A6)
andF™) contains the hadron mass. This means that the 1-¢

combined constraints of positivity and polynomiality are sen-
sitive to the hadron magd. Therefore the absence of tMe  Since functionp is arbitrary we can replace it
dependence in our ansatk8) should mean that there must
exist other solutions of the polynomiality and positivity con- p(ry)—ri 3p(ry) (A7)
straints and one has to try other methods in order to find the
other solutions. In particular, in Ref29] the solutions of the  which leads us to the equivalent form of inequali®y6)
positivity and polynomiality constraints are constructed in
terms of triangle perturbative diagrams. . ! N4+1

The parametrization of GPDs suggested here seems to be fo drlfo dra(ratre)
constructive for the model building: the positive definite
functionsL ,(w,,w,) can be easily generated by using Eq. - 1—x
(20). One should not forget about the possibility to add the x p*(rZ)p(rl)F(N)( X,§,—2bL) =0. (A8)
D-term (17) which is not constrained by the polynomiality 1-¢
and positivity.

Certainly apart from the positivity and polynomiality
there are other theoretical and phenomenological constraints

Inequality (A6) means that function

. . . . N+1 _
on GPDs and it would be interesting whether representation ritra) ™" EN| x ¢ 1-x bt (A9)
(18) allows to construct viable models of GPDs. rqifo e 1-¢2
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APPENDIX: SOLUTION OF THE POSITIVITY BOUNDS => Rn(r1,bH)R% (r,,b*h) (A10)
n

In this appendix we derive the solutigf) of the positiv-
ity bounds(7). First let us define variables ,r, which can  with some functionsR,,. Turning back to the variables &,
be used instead of,¢: we find
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- 1-x 1-¢? Introducing functions
(N) 1y — _ y\N+1 1
FOOGEDY =(1=0" X Ril 3550 7
1-x 1-¢&2 Qn(r,bh)=R,|r 1bL (A12)
o 12X 178, (A11) m "
Mil-g 1—x" |

In the case of real ang-even GPDs, functionR, are real. ~ we obtain representatiof®) for FN)(x,&,b").
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